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Abstract 

We generalize Schwinger boson representation of SU(2) algebra to SU(N) and define coherent 
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states of SU(N) using 2(2 Af " 1 — 1) bosonic harmonic oscillator creation and annihilation opera- 

O 

tors. We give an explicit construction of all (N-l) Casimirs of SU(N) in terms of these creation 
and annihilation operators. The SU(N) coherent states belonging to any irreducible represen- 
qh tations of SU(N) are labelled by the eigenvalues of the Casimir operators and are characterized 



by (N-l) complex orthonormal vectors describing the SU(N) manifold. The coherent states 
provide a resolution of identity, satisfy the continuity property, and possess a variety of group 
theoretic properties. 
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I Introduction 



The idea of coherent state for a quantum system was realized by Schrodinger |T[ way back 
in 1926 in the context of quantum state of classical motion for a harmonic oscillators. This 
simplest coherent state construction is associated with the Heisenberg-Weyl group whose Lie 
algebra is given in terms of a harmonic oscillator creation and annihilation operators. These 
states have been widely used in physics 0, |3], |J. Later, coherent states associated with arbitrary 
Lie group in a given representation were constructed f| by applying group operators to a weight 
vector in that particular representation. In the special case of SU(2) group, another equivalent 
way of constructing the coherent states was by exploiting the Schwinger representation of 
the SU(2) algebra ||. This representation involves a doublet of harmonic oscillator creation 
annihilation operators in terms of which one generalizes the simplest Heisenberg- Weyl coherent 
state construction to the SU(2) group. In |7|], using the Schwinger representation of SU(3) 
algebra, we had constructed coherent states belonging to an arbitrary representation of SU(3). 
The motivation of the present work is: a) to further generalise this Schwinger representation of 
SU(3) to SU(N) Lie algebra for arbitrary N, b) exploit it to construct coherent states belonging 
to arbitrary irreducible representations of SU(N). We also give an explicit characterization of 
the SU(N) coherent states in terms of (N-l) complex N-plets describing the SU(N) manifold. 
In the work ||, SU(N) coherent states were constructed by applying the standard procedure of 
applying SU(N) group operator on the highest weight state of a SU(N) representation. 

The organization of the paper is as follows. In section 2 we will briefly describe the Heisenberg- 
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Weyl and SU(2) coherent states in terms of harmonic oscillators. The section 2 is not only for 
the sake of completeness but also for setting up notation and language in a simpler setting before 
dealing with the larger SU(N) groups. This section also emphasize the common spirit between 
them and our SU(N) coherent state formalism. However, these groups being too simple, many 
features of larger SU(N) groups become redundant and hence this section fails to bring out a 
technique which can be generalized to SU(N). Therefore, in section 3, we briefly mention the 
SU(3) coherent state construction in a framework which is equivalent to the one in []7J but can 
be easily generalized to SU(N). In section 4, we generalize this SU(3) procedure and explicitly 
construct SU(N) coherent states for arbitrary N. 

II Heisenberg-Weyl and SU(2) Coherent States 

Given a group G and its manifold Ai, the coherent states in a given representation R are 
functions of q parameters denoted by {z 1 , z 2 , ...z q } describing J\4, and are defined as 



Here Tn(g(z)) is a group element in the representation R, and |0 >r is a fixed vector belonging 
to R. In the simplest example of the Heisenberg-Weyl group, the Lie algebra contains three 
generators. It is defined in terms of creation annihilation operators (a, a*) satisfying 



This algebra has only one infinite dimensional irreducible representation which can be char- 
acterized by occupation number states |n >= ^Mf|0 > with n = 0,1,2.... A generic group 



z> R = T R (g{z)) \0> R 



(1) 



[a,a f ]=J, [a,J]=0, [a f ,J]=0. 



(2) 
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element in (U) can be characterized by T(g) = exp (ial + za) — za) with an angle a and a 
complex parameter z. Therefore, 

\a,z> oc = exp(ia) \z > OQ , 

oo 

\z >oo = exp(za Jf — za) |0 >= ^2 F n (z) \n > , (3) 

n=0 

where the sum runs over all the basis vectors of the infinite dimensional representation, and 

z n 

F n (z) = -= exp(-|^| 2 /2) (4) 
vn! 

are the coherent state expansion coefficients. This feature, i.e., an expansion of the coherent 
states in terms of basis vectors of a given representation with analytic functions of complex 
variables (F n (z)) as coefficients, will also be present in the case of SU(N) groups. It is easy to 
see that Eq. (0) provides a resolution of identity with the measure d/i(z) = dzdz. 

We now briefly review the next simplest example, i.e., the Schwinger representation of SU(2) 
Lie algebra and the associated coherent states. The Lie algebra is 

[J a , J b ] = ie abc J c (5) 

The algebra (|5|) can be realized in terms of a doublet of harmonic oscillator creation and 
annihilation operators a = (a 1 , a 2 ) and a) = (al,c4) respectively ||. They satisfy the simpler 
bosonic commutation relation [a\aj] = 8 l j with i,j = 1,2. The vacuum state is |0,0 >. In 
terms of these operators, 

Q a = I A MS o? , (6) 
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where a a denote the Pauli matrices. (We will generally use the convention that repeated indices 
are summed over). It is easy to check that the operators in (H) satisfy the 577(2) Lie algebra 

[Q a ,Q b }=te abc Q c (7) 

We also note that 

[Q a ,<4]=a] 1 -(a a y i (8) 

The equation (|j) implies that (a\, a 2 ) transform like a SU(2) doublet. This fundamental repre- 
sentation of SU(2) will be denoted by the Young diagram E[i], which is a single box. Therefore, 
we can realize all SU(2) irreducible representation on the Hilbert space of harmonic oscillators 
created by creation operators acting on the vacuum which is a direct product of the vacuum 
states for a± and a 2 . The SU(2) Casimir operator is given by: 

3 

C = 4 ■ a* = a f • a (9) 

i=i 

The eigenvalues of the Casimir C will be denoted by C. The various irreducible representations 
of SU(2) are characterized by the eigenvalues of the Casimir (or occupation number operator) 
in (||). We also know that any irreducible representation of SU(2) can also be defined by its 
Young diagram which is obtained by arranging certain number of boxes in a row. It is easy to 
see that C just counts this number. The basis vectors of the SU(2) irreducible representation 
with C = C are given by: 

\\i 1 i 2 ....i c >= a) h a\ 2 a\ c \0 > (10) 
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The dimension of the irreducible representation above is (C+l). With the harmonic oscil- 
lator creation and annihilation operators, 577(2) coherent states can be obtained by directly 
generalizing ([3]). We define a doublet of complex numbers (z 1 ,^ 2 ) with the constraint: 

The above constraint gives 3 independent real compact parameters which define the sphere 
M. = S 3 . The 577(2) coherent state in the representation C is now defined as 

\z > c = \z l ,z 2 > c = exp (z- a f ) |0,0 > \&-a=c- 
= F^-^aJ 1 at 2 ..aJ c iO> 

= F i ^- ic \\i 1 i 2 ....i c > (12) 

where, 

F ili2 - ic = — z h z i2 ...z ic (13) 
O ! 

Note that F in (|T3|) are analytic functions of z l and z 2 . Under SU(2) transformations: 

z < _> / = expi{6 a ^-y J (14) 
2 J 

Thus the constraint ( O ) remains invariant under the SU(2) transformations fl!4]) . Therefore, 
the coherent states |z >= \zx,z% > transform amongst themselves on 5 3 . It is easy to check 
the resolution of identity: 

r l 2 

J d 2 z l d 2 z 2 5(\z l \ 2 + \z 2 \ 2 -l)\z> c c < A = ? \\i1i2--ic ><iii2--ic\\ ( 15 ) 



»i,..,io=l 



Ill The Schwinger SU(3) Representation 

The basic technique behind the construction of SU(N) coherent states is to generalize the 
Schwinger representation of SU(3) Lie algebra |7J to SU(N) Lie algebra. We will, therefore, 
briefly describe the construction of SU(3) Lie algebra in terms of harmonic oscillators here in 
a new framework which is equivalent to that in |7| but is directly generalizable to SU(N). 

The rank of the SU(3) group is 2 and therefore it has two fundamental representations: Any 
SU(3) irreducible representation can be built up from the two fundamental representations, a 
triplet 3 and an anti-triplet 3. The later is an antisymmetric combinations of the two triplets. 
The two fundamental representations will be associated with the two (fundamental) Young 
diagrams £[i,o], for the triplet representation and £[o,i], for its conjugate (anti-triplet) repre- 
sentation. The Young diagram £[i,o] is one box and £[i,o] is two boxes arranged vertically. We 
will also label the fundamental representations by the Greek indices [a], [f3] taking values 1 and 
2. The components of any irreducible tensor T transforming according to Er 10 ](£[o,i]) will be 
denoted by T[a = l]^(T[a = 2] ili2 = — T ili2 , (zi, i 2 = 1,2,3)).^ Further, the 8 representation 
matrices corresponding to these two fundamental representations will be denoted by X a [a] [} If 
Q a are the generators of SU(3) then under the SU(3) they transform as 

[Q a ,T[l] n ] = T[l],,A a [l]\ 
[Q a ,T[2] ni2 ] = T[% i2 A a [2p\ i2 (16) 

The matrices on the right hand side of ( |16"D are the matrices belonging to the fundamental 

3 The components of the complex conjugate of these tensors will be denoted by T*[1] J ' 1 T*[2] J1J ' 2 . 
4 Note that \ a ffl™ jlja = \^H hj2l (-X* a [l])l 
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representations of SU(3) and satisfy the SU(3) Lie algebra: 

[\ a [i},x b [i}} = zr bc x c [i} 

[A a [2],A 6 [2]] =if abc \ c [2] (17) 

The direct product of these two tensors (representations) span the whole SU(3) representation 
space. Infact, any irreducible tensor can be obtained by taking direct products of G\ of T[l] and 
C2 of T[2] tensors. The corresponding Young diagram is represented by arranging C2 of a [2] 
Young diagrams and C\ of a[l] diagrams from left to right side by side. Following Schwinger 
representation of of SU(2) Lie Algebra, we introduce two sets of creation- annihilation operators 
a [a], a' [a], a = 1,2. The set a [a = 1] represents three annihilation operators denoted by 
a ll [l] = (afl] 1 , a[l] 2 , a[l] 3 ) and a[a = 2] represents another set of three annihilation operators, 
a[2] n * 2 = — a[2]* 2Jl having three independent components (a[2] 12 , a[2] 23 , a[2] 31 )f]. We impose the 
following commutation relations on them: 

[a[l]^,at[l] il ] = 5g , [a-[l],a-[l]]=0 
[a[2r^J[2] jlh ]=5p%-5%6}l , [a[2]^, a[2p*] = 

[a[l] il ,a[2]*" i »] = , [at[l] n ,a[2]^]=0; (18) 

We now define the SU(3) generators in the Hilbert space of Harmonic oscillators as: 

Q a = at[l] n A a [ir\ t2 a[lp + ^[2] ilia X a [2]^ (19) 

Using flIB|) , it is easy to check that 

[Q a , Q b ] = if abc Q c (20) 

5 In [4], we had chosen h = a[2] 23 , b 2 = a[2} 31 , b 3 = a[2] 12 
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Further, 

[Q<\at[iy = J[l] jl \ a [ir h 
[Q\J[2} lll2 } = a^[2} nn \ a [2r\ il2 (21) 

The equation ([H]) implies that a'[l] and a^[2] transform like £[i,o] and £[o,rj fundamental rep- 
resentations respectively. Therefore, all the irreducible representations of (|20| ) can be realized 
on the Hilbert space created by creation operators a^l]^ and at[2] n * 2 acting on the vacuum 
state |0 > which is direct product of vacuum states associated with each of the six harmonic 
oscillators. Further, the two Casimir operators of SU(3) in this generalization of Schwinger 
representation are given by: 

c[i] = E^W^W 

C[2] = £ a\ ll2 [2]a^[2] (22) 

ii,*2=l 

The eigenvalues of the two Casimirs in (p2j ) will be denoted by C\ and C2 respectively. 
IIL1 Irreducible Representations of SU(3) 

The eigenvalues of Casimirs (Ci,C2) characterize all the irreducible representations of SU(3). 
On the other hand, we can also define irreducible representations by its Young diagram which 
is built up by arranging certain numbers of S[ li0 ] followed by £[0,1] horizonally from right to 
left. It is easy to see that C\ and C 2 just count these numbers. Therefore, we will denote a 
general SU(3) Young diagram by Sjc^Ca] which contains C\ of £[1,0] and C2 of Spj put together 
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from from right to left. Therefore, a general basis vector in Er^ cy can be written as: 

||i^...if 2+c71 ;^..^ > S[0ii02] = (e E[Oij0U )ot[2]^ot[2]^ <J[2) .c 2 .c 2 [2] 

a t [l].c 2+1 a[l] t C2+2 ....a t [l] i c 2+ c 1 |0 > (23) 

In (|23"D, we have characterised the basis vectors of Er^^y representation by the various box 
indices appearing in the Young Tableau E^cy. More explicitly, the index i c r represents the 
index corresponding to the box appearing in the r th row and c th column. es [c c j is the idem- 
potent associated with he Young tableau E^cy. In general, it is an element of group algebra 
corresponding to the permutation group S(C\ + IC2). It is defined as the product of the two 
symmetrisers <Si (symmetrizing the indices in the first row if, zf 1+C2 ), S2 (symmetriz- 
ing the indices in the second row %2 1+C2 ) and C2 antisymmetrisers (acting on the C2 
columns indices i^), (if, .., (ii 2 , «2 2 ))- 111 f&ct, the idempotent for a particular Young 
tableau can be constructed in two different ways, first symmetrizing the indices in each row 
and then antisymmetrizing the indices in each column or first antisymmetrizing the indices 
in each column followed by symmetrizing the indices of each row. Both procedure lead to 
equivalent results. Here, since the column indices are already anti-symmetric, we choose the 
latter alternative and need to consider only the two symmetry operations along the two rows 
of s [Ci,c 2 ] respectively^: 

S[l)= £ p (24) 

peSc 2 +c 1 



6 In (U) and @, the p £ S n is an element of the permutation group S n and it denotes the permutation 
1 2 ...JV 



Pi P2 ■■■■Pn 
paper. 



element of the permutation group Sn- Henceforth, we follow this notation throughout the 
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S[2) = V (25) 

peSc 2 

The idempotent is just the product of (^) and ( [Zd]) and is given by: 

ez lCl ,c 2] =5[l] W 5[2] bl (26) 

One can easily see that: 

^[1] *1 2+ 1 )^2^2 - -^2 2 ^* = C\\i l i 1 ....i 1 2+ x \%2%2--^2 2 ^ 

C\2]\i\i\...d^ 2+Cl \i\i\..i2 2 > — C 2 \i\ii....if 2+Cl ; i^il-.i^ 2 > (27) 

Thus all the irreducible representations are eigenvectors of the two casimirs C[l] and C[2}. As 
an example we consider C\ = C 2 — 1 corresponding to the octet representation of SU(3). For 
this representation, <S[1] = (e + and «S[2] = e. Therefore, (1,1) representation is given 

by: >£ [M] = [atpj^iatfl]^ + at[2] ifi ia t [l] i i]|0 >. 

In similar results as in this section have been obtained by using Bargmann's techniques for 
SU(3). More recently, SU(3) multiplicity problem has been analysed by exploiting the above 
Schwinger construction and a mutually commuting Sp(2,R) group |T0| . 

IIL2 The 577(3) Coherent States 

We consider two triplets of complex numbers -z[a](= z l [a], z 2 [a], z 3 [a]), a = 1, 2 describing the 
Euclidean manifold R G ® R G . We impose the orthonormality conditions: 

z[a].z\j3\= y £z>W\P] = So,? (28) 
i=i 

We now define another vector 2 [1,2] transforming as £[o,i] with components: 

z^[u] = y| (z[irz[2r- Z [2rz[ir) = ^-MaiNM 2 (29) 
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Using (|28p, we find: 

z[l,2].z[l,2]* = z l ^[[12}z* lli2 [12] = 1 (30) 
5[12].2[1] = e ili2i3 ^ li2 [12]z i3 [l] = , z[12].z[2) = e ili2i3 z ili2 [12]^[2] = 

We can now construct any 3x3 SU(3) matrix Uz in terms of z[l] and z[2]: 

/ z\\\ x z[l] 2 z[l] 3 \ 
U 3 = z[2] a *[2] 2 *[2] 3 (31) 
\ I[12] a 1[12] 2 1[12] 3 / 

Thus we immediately see that z[l] and z[2] with ( p8| ) and ( p0[ ) completely describe the SU(3) 
manifold. At this stage we define the SU(3) coherent states generating function as: 

\z[l),z[2) > Cl ,c 2 = exp(z[l] h a^[l] il + z[l,2] hi ^[2] hi2 ) |0 > U m . a[ll=0l (32) 

at[2].a[2]=C 2 

One can see that in the expansion of (|3~2"D , due to the constraints (p8|) and (|30|) , each irreducible 
representation occurs once and only once. We will now show that ([32]) indeed generates all the 
coherent states of SU(3). The constraints on the right hand side of (|32[) , (a^[l].a[l] = C\ and 
a^[2].a[2] = C2), select different possible irreducible representations of SU(3). Note that the 
states in (|32|) are characterised by the continuous parameters (z[l], z[2]) on the SU(3) manifold. 
It is easy to check the SU(3) transformation properties of z[l] and z[l,2], 



z[l} 11 -> z'[l} n = (expt 6 a \ a [l\)\z[l\ 12 
z[l,2] hi * -> z'[12] W2 = (expi a A a [12]) ili2 iii2 ^[l,2p« 2 (33) 



In (^J) # a are the 8 transformation associated with the SU(3) group transformation. Therefore, 
under SU(3) transformations both z[l] and z[2] transform like a triplet and the orthonormality 
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conditions ( Pq) and (p0|) remain invariant under the SU(3) transformations and the state in 
(|32l) defined at a point (z[l],z[2]) transform to the coherent state at (z'[l], z'[2]) on the SU(3) 
manifold. 

From the generating function (^) we find: 

\z[l],z[2] > Cl ,c 2 = F 4 i-H 1+C2 ^-^ 2 a[2] i t lil ..at[2] j c 2t c 2 at[l] c 2+1 ..at[l] c.+cjO > (34) 

'1*2 l l l 2 '1 '1 

where, 

Ci!C 2 !F(z[l], z [2])^"H 1+ ° 2 ^-^ 2 = 2]^z[l, 2]^ 2 ]H 2 ^ 2 

.Co+l .Co +2 .Co+Ci 

= P 2 z[l] i h[l} i l..z[lf 2 z[lf 2+ \.z[lp 2+Cl 

z[2fz[2f...z[2]^ 2 (35) 

In the second step in we have used the anti-symmetry properties of a^[2]' s under the 

c 2 

interchange of its two indices leading to P 2 = (2!) 2 . The equation (|35| ) clearly illustrates the 
following two important properties of the tensor F (z[l], z[2]): 

1. It is analytic function of (z[l], z[2]) which describe the SU(3) manifold, 

2. It has exactly the same symmetry as that of &s [c c ]5 i-e 

F(z[l],«[2])H»H >V-* 2 = f(z[1],z[2])^ e S[Ci>C2] (36) 

Therefore, we can write (|34]) as: 

\z[l),z[2) > CltC2 = F^+^-^e^^^ > 

= F n -- lc ^+ c 2^-^ c 2\\i l j l} i 2 j 2 .A c J C2 i C2+l ,i C2+2 ....i C2+Cl >[ Cl ,c 2 ) (37) 
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All these features are similar to Heisenberg-Weyl and SU(2) Schwinger coherent states of the 
previous section and are discussed in detail in 0. 

We now check the resolution of identity. The Haar measure on SU(3) manifold is given by: 

2 

J dfi(z) = (/ A dz[a})(l[5(z[a}.z*[(3}-5 a ^ (38) 



a=l a,/3 



We construct an operator 0[ 3 y. 

C» 3 = / d^z)\z[l], z[2] > Ci C2 Ci C2 < z[l],z[2]\ (39) 
Under SU(3) transformations (§3), O^j remains invariant. Therefore, 

[Q a ,O [3] } = 0, Va = l,2,....,8 (40) 

The Schur's Lemma implies: 

O m = KI [Cl ,c 2] (41) 



In (f4~i"D , K is a constant and I[c u c 2 ] is the identity operator in the Ep^cy irreducible represen- 
tation subspace. Thus we finally get: 

2 

J dn(z[l],z[2])\z[l],z[2] > Ci , C2 CiiC2 < z[l],z[2]\ = J d"z[l]d e z[2] J] 6 (z*[a].z[(3] - 5 a , p ) 

a, (3=1 

rph--ic 1 +C 2 jl--jc 2 TP* , , , , I . -> kih,-kc 2 lc 2 '' k C 2 + ^'- k C 2 + C 1 I 

- 1 '" - 1 k 1 ..k Cl +c 2 h-ic 2 \nji,--ic 2 3c 2 ;i>c 2 +i,--ic 2 +c 1 ^[c 1 ,c 2 ] [c^Ca] " I 

- ZVI . \ ^ uji,i2j2,.-«c 2 jc 2 ;ic 2 +i,--«c 2 +c 1 1 — z<"r r ^, ^, (A9\ 

ZV UlJl,«2J2,.-*C 2 JC 2 ;«C 2 + l,--*C 2 + C 1 ^[d,C 2 ] [Oi,C 2 ] ^ - - - I — - fVJ [Ci,C 2 ] 

IV The Schwinger SU(N) Representation 

We now generalise the ideas developed in the previous section in the case of SU(3) to the 
group SU(N) for arbitrary N. The rank of the SU(N) group is (N-l). Therefore, there are 
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(N-l) fundamental representations denoted by the Young diagrams with 1,2 .... (N-l) verti- 
cal boxes respectively. Any irreducible representation of SU(N) can be built by taking direct 
products of the above (N-l) fundamental representations. Following SU(2) and SU(3), we intro- 
duce (N-l) sets of creation annihilations operators (a[l] n , a^fljjj; (a[2] n * 2 , a"l"[2] ili2 ); (a[N — 

l] n * 2 lN ~ 1 ,a^[N — l\i x i 2 i N _i), which can be written in a compact form as (a[a] n * 2 la , 

a^aji^, i a ), a — I, 2....(N — 1). The commutation relations are straightforward generalization 



of (18) and are given by: 



\a\a] ili2 ia ,a t 



Wnn i,} = ^EHW-C 

pes a 



Ha] hi2 la , a[P] jlh *] = , W[a] hi2 ia ,a^] jlh = 0. (43) 

In (fE|), \p\ = if p is an even permutation and \p\ = 1 if it is an odd permutation. We 
denote the (N-l) generators belonging to (N-l) fundamental representation of SU(N) by A a [a], 
a = 1, 2, .., (iV 2 - 1). They satisfy the SU(N) algebra: 

[\ a [a},X b [a]]=if abc \ c [a] ; a = 1, 2....{N - 1) (44) 

In(H) f abc are the SU(N) structure constants. The SU(3) generators in terms of Harmonic 
oscillators are given by: 

Q a = atmim^iAif 2 + ^um iii2 hj A2) jlh + 



+ 



32—3N-1 



(N 

E ^[^A'M^^oF*"* (45) 



jv-i y 



a=l a ' 
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The commutation relations fl43[) imply: 

[Q a , Q b ] = if abc Q c (46) 

It is easy to verify that under SU(3) transformations the various creation operators belonging 
to the a th representation transform amongst themselves as: 



Q a , <*,..,„ [«] J = <>],,,,..,,, N (^Y in -\ l2 .., a H (47) 

This implies that all the irreducible representations of SU(N) can be realised on the Hilbert 
space created by the above creation operators acting on the vacuum. Further, the (N-l) Casimir 
operators are just the (N-l) number operators corresponding to (N-l) types of creation anni- 
hilation operators and are given by: 

TV 

c[i] = E^MiAT 

»i=i 

1 N 



1 N 

C[N-1] = 7^3W. E fll^-lU-rf-l]^" 1 (48) 

It is easy to check that the (N-l) Casimir operators in (f48|) commute with all the (iV 2 — 1) 
SU(N) generators in (^5|). 



IV. 1 The Irreducible Representations of SU(N) 

All irreducible representations of SU(N) can be constructed by taking direct products of the 
(N-l) fundamental representations and then applying appropriate projection operators. Like 
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the SU(3) case in the previous section, we now consider the most general SU(N) irreducible 

representation £[Ci,c 2 c N -i] containing C a copies of the a th fundamental representations. We 

formally writeiQ: 

\C U C 2 ,..,C N ^ e S[Ci ... Cjv _ i] (at[l]) Cl (at[2]) C2 (at[3]) Ca ....(at[iV- l}f^\0 > . (49) 

Just as in the case of SU(3) in the previous sections, all the creation operators being completely 
anti-symmetric in their indices, the idempotent es [Ci Cjv ] in (|49"D is constructed by multiplying 
all (N-l) symmetrizers: 

^...c^] = «Si<S 2 ...5jv-i (50) 

where «Si, ^•••'^tv-i are the elements of permutation group algebras associated with the per- 
mutation groups S Cl +..+c N _ 1 , Sc 2 +..+c N _ 1 , Scfr-i respectively, 

52 s J^TZTc^y. PESc Ec N J 



s n-i = (r l r, P ( 51 ) 

Again, as in the case of SU(3), it is easy to verify: 

C a \Ci, C2, .., Cjv-i >= C a \Ci, C2, .., Cjv_i > (52) 

Therefore, the Casimir operator C a acting on an irreducible representation generated by 
the basis vectors C a \Ci, C2, .., Cjy-i > just counts the number of times the a th fundamental 



7 The explicit form of these basis vectors are given at the end of the next section (|64| ) and (65) 
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representation appears in it. This is again similar to the SU(3) case in the previous section. 
We now exploit this feature to construct the SU(N) coherent states. 

IV.2 The SU(N) Coherent States 

We consider (N-l) N-plets of complex numbers z[a](= z 2 [a], ...z N [a>]), a = 1,2, .., N — 1 

describing the Eucledian manifold which is a direct product of (N-l) R 2N We impose the 
orthonormality conditions: 



z*[a].z[/3] = 5 at p 



(53) 



We now define another vector z[l, N — 1] with components: 



ll«2..«JV- 



*[1,N-1] = y (iV^Tjl V (~) W (z[l] l ^z[2} l ^....z{N - 



r .ot\cti....a N 



(N-l)\ 



- 1 z[ai] h z{a 2 ] i2 ..-.zlaN-!} 



(54) 



Using (|53|), we find: 



z[l,N- l].z[l, N-l]* = z 1 ^-^ [[1, N - l]z% li2 .. ijv _ a [1, N - 1] = 1 
z[l,N- l].z[a] = e ili2 .... iN z hi2 - iN -i[l,N- = 0. 



(55) 



We can now construct any N x N SU(N) matrix Un in terms of z[l], z[2], ,z[N-l]: 



«[2]i 



*[l] 2 

z[2f 



..z[l] N \ 
..z[2f 



z[N-l] 1 z[N-l] 2 „..z[N-l] N 
Vlfl-.A^-l] 1 l[l..iV-l] 2 z[l..N-l] N J 



(56) 



Thus we immediately see that z[l], z[2],....,z[N-l] with (|55|) describe SU(N) manifold. We 
will now exploit this simple characterisation of SU(N) manifold to construct coherent states 
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belonging to all the irreducible representations of SU(N) group. For this purpose, we construct 
a new set of (N-l) parameters: 

z[i,2]w = JiE(-)W## 

z[l,3]™ = J^r ^(-) |p| ^[l] ipi ^[2] ip2 ^[3] ip 3 



= ,/ — 1— J2 (-) lpl z[l]^z[2]^..z[N-l}^ (57) 
V l iV -U- pes^ 

We now define the SU(N) coherent states generating function as: 

N-l 

\z[l],z[2],..,z[N - 1] > Cl ,c 2 ..c N ^= exp( J2 ^t 1 , /5]-a f [/3])|0 > \ a t [a] . a[a]=Ca 

13=1 

= exp(z[lf^[l] il + z[l,2f^[2] qq + 

+ z[l,N- lf-^-^-ia^N - 1^-1^-1.^-1)10 > |.t w .. w =c a (58) 

The constraints on the right hand side of the generating function (|55D ensure that we only 
generate the states which are eigenstates of all the (N-l) casimir operators and thus selecting 
all possible irreducible representations of SU(N), i.e, 

C[a]\z[l], z[2], .., z[N - 1] > Clfi2 .. CN _= C[a]\z[l], z[2], .., z[N - 1] >c 1 ,c 2 ..c JV _ 1 , (59) 

for a = 1, 2..(N—1). We will now show that the states thus obtained are the coherent states. All 
states in ( |58|) are defined continuously over the SU(N) manifold parametrised by (z[l],z[2],...,z[N- 
1]). It is easy to check the SU(N) transformation properties of z[l, a], a = 1, 2..(N — 1). 

z[l,a] k - ia -> « , [l,a] il " ic = (expi X) ° Aa N) . z[h<A h " ia (60) 
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a=l 



In (|60| ) 9 a are (N 2 — 1) parameters describing a point on the SU(N) manifold. The equation 
fl60f) implies that all z[a] (a = 1,2, .., N — 1) transform as N-plets of SU(N), i.e,: 



z\a] — > z'lal 



7V 2 -1 



a=l 



expi J2 O a X a [l]) . z[a} jl (61) 



.a 



We see that the orthonormality conditions ( |53|) remain invariant under the SU(N) transforma- 
tions. The coherent states defined at a point (z[l],z[2].. ,z[l,N-l]) transform to the coherent 
states at (z'[l], z'[2], .z'[l, N — 1]) of the SU(N) manifold. 

Expanding the exponential we find: 

hmax (Ch+C h+1 ..+CN-l) Cn-1 

\z[1},..,z[N-1]> Cu .. Cn _=p[1[ n II a^-lWd) <.« 

h=l v=l v(l)=l 1 2 JV_1 

Cjv-i+Cjv-2 Cjv_i + ...+Ci 

IJ o f [iV-2] ( 2 ) „( a ) „( 2) 1 f I] a t [l].„ (JV -i ) l|0 > (62) 



%, t, M_0- 

v(2)=C N -!+l v(N-l)=C N - 1 +..+C 2 +l 



In (62f) , we have chosen those terms in the expansion which are eigenvectors of the Casimir 
operators Cp with eigenvalues Cp and h max is the maximum valued of (3 such that Cp ^ 0. 
-P = [n^ri 1 Pa] with P Q = (a!)^. We note the following important symmetry and anti- 
symmetry properties of (|62]): 

1. The (z[l],z[2],...z[N-l]) dependent part of ( |52] ) has inbuilt invariance under interchange of 
any two indices along a row of the Young tableau E[c 1) c , 2) .„.<t N - 1 ], ^ * s i nvar i an t under 
all the symmetry operations given in (|51~f) , 



hmax (Cfe+Cfe+l-'+CiV-l) llmm (C'h+C r h+l--+C'iV-l) 

(n n **[hi)Sa=(ii n (63) 



8 In ( p2| ) ft = 1, 2..h max counts the horizontal rows and v is used to count the vertical columns of S[d,..,cv_i] • 
Note that it is the maximum number of horizontal rows in the Young diagram. 
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2. The harmonic oscillator dependent part of ( p2|) has inbuilt anti-symmetric properties 
along any column indices of the Young tableau S[c 1) C2,....Cjv-i]- 

Therefore, we can write (|6^) as: 

i^[i], .., - 1] >or 1 ,..o^_ 1 = n n ^ic^,...,^] 

h=l v=l 

CjV-1 Cn-1+Cn-2 

TT a) [N — 1] v(i).v(i) mi) TT a*[N — 2} v (2) v(2) mv ■■ 

,~. _ l l l 2 — -'JV-1 'l '2 •■■■ t JV_2 

v(l)=l t)(2)=C JV _ 1 + l 

Cjv_i+...+Ci 

IJ a t [l].^-i)|0> (64) 

u(Ar-l)=Cjv_i+..C2+l 1 

In j e S[ Cl c 2 j ^ s defined by the equation (|50|) . Infact, these are exactly basis vectors 

of the irreducible representation £[Ci,c 2 Av-i]- We denote them by: 

M/-1-2 .c?i+..+C7w-in./-i-2 .c 2 +..+c N _ lv /.i .2 •c 2 +..+c JV _ 1 ^ 

llv/in 'l M'2'2 '2 J) > \ l N-l l N-l l N-l )I^[C 1 ,C 2 ,...,C N _ 1 ] 

Cjv-l CjV-i+CjV-2 

= e ^ Cl ,c 2 ,...,c N _ 1] n at [ jv "- i ] i ;Wi5w....i«w 1 n a] \ N - 2 i^h< 2 \..4 2 \ 

v{X)=l v(2)=C N - 1 +l 
CW— 1+— +Ci 

n a f [l].„(iv-i)|0 > (65) 



t)(jv-i)=Cj V _ 1 +..a 2 +i 



Thus the states belonging to S[c lv j c JV _ 1 ] in fl5"8D irreducible representations are given by: 

h max iP h +C h+1 ..+C N -{) 

\z[l),z[2),..,z[N-l)> Cl ,c 2 ..c N ^(U II (66) 

/l=l v=l 

M/-1-2 .Oi+..+O w _ 1 x. /-1-2 .C 2 +..+C , J v_i V /.l -2 .C 2 +..+C 1 JV -ix\ 

HVnn n JAhh L 2 )■> > vn-^n-i 1 n-i //s [ c 1 ,c 2 ,...,c jv _ 1 ] 

We now check the resolution of identity. This is similar to the SU(3) case in the previous 
sections. The SU(N) Haar measure is: 

r f N-i 

J dfi(z) = ( / J] dz[a])(l[6(z[a}.z*[(3} - 5 a , p )) (67) 

a=l a,/3 
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We construct an operator O^y. 

O n =(J dfi{z)\z[l],z[2],..,z[N-l] > Cl ,c 2 ..c JV _ 1 ^..os-i < z[l],z[2],..,z[N-l]\ (68) 
Under SU(N) transformations (|60[) , remains invariant. Therefore, 

[Q a ,O [N] }=0, Va = l,2,....,iV 2 -l (69) 
The Schur's Lemma implies: 

0[N] = KI[a 1 ,o 2 ,.-,CN-i[ ( 70 ) 

In ([7D[), K is a constant and /[c^.^Cw-i] * s the identity operator in the £[Ci,.-,Cjv-:l] irreducible 
representation subspace. Therefore, the states in (|66|) are indeed the coherent states. We have 
thus constructed all the SU(N) coherent states belonging to different irreducible representations 
of SU(N). 

V Summary and Discussion 

We have generalized Schwinger representation of SU(2) algebra in terms of harmonic oscillotrs 
to the group SU(N). We have exploited this construction to construct SU(N) coherent states and 
characterized SU(N) manifold in terms of complex vectors. In this sense our SU(N) coherent 
states definition is analogous to that of Heisenberg-Weyl coherent states. This method is quite 
general and can be generalized to other Lie groups and their manifolds. We feel our approach 
is more useful for practical calculations compared to the standard group theoretical approach 
and can be applied to various problems. In condensed matter physics, coherent states for the 
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Lie group SU(2) have been very useful for studying Heisenberg spin systems using the path 



integral formalism |TT], [12|, [14]]. These studies have been generalized to systems with SU(N) 



symmetry, although such studies have usually been restricted to the completely symmetric 



representations [12, 16|. Therefore, our formulation can be used to write down the field theory 



for the SU(N) Heisenberg model and study its spectrum and topological aspects as in the 



SU(2) case [H]]. Using the techniques discussed in the paper, one can also construct SU(N) 
coherent states with fixed values of Cartan diagonal generators. The special cases of SU(2) 
coherent states with fixed charge and SU(3) nonlinear coherent states with fixed charge and 



hypercharge were constructed in [|T^] and [|Tj| respectively. 
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